I. INTRODUCTION
The development of mathematical reasoning skills is an important goal in many introductory physics courses, particularly those geared toward students majoring in physics and other physical science and engineering fields. Previous research has shown that students' development of Physics Quantitative Literacy (PQL)-the ability to reason mathematically in the context of physics-is often less than desired [1] ; however, few studies have rigorously examined the development of PQL over time or how this might vary across student populations. We have begun developing the Physics Inventory of Quantitative Literacy (PIQL) to address the need for a valid and reliable assessment instrument for measuring students' PQL across the undergraduate physics curriculum.
Enhancing PQL has the potential to strengthen students' knowledge of mathematics [2, 3] , better prepare them for future demands to think quantitatively [4] , and promote increased equity and inclusion in physics instruction [5, 6] . At its core, quantitative literacy (QL) involves blended use of mathematical concepts and procedures. Both everyday sensemaking and workplace performance rely on QL, and physics is ideally positioned to help students develop these skills. We have developed an 18-question prototype PIQL that focuses on two specific elements of PQL: reasoning with ratios and proportions, and reasoning about negative quantities.
The use of ratios and proportions to describe systems and characterize phenomena is a hallmark of expertise in STEM fields, perhaps especially in physics. Boudreaux, Kanim, and Brahmia identify a set of reasoning subskills to provide a more fine-grained analysis of proportional reasoning, and they isolate college students' specific proportional reasoning difficulties based on assessment items designed to span the proportional reasoning space [7] . The items are categorized into six subskills, which overlap with the early work of Arons, as 'underpinnings' to success in introductory physics [8] .
Unlike physics experts, novices often have difficulty understanding the many roles signed numbers can play in physics contexts. Brahmia and Boudreaux constructed physics assessment items based on the natures of negativity from mathematics education research [9] and administered them to introductory physics students [1] . They find that students have trouble reasoning about signed quantity in several contexts typically found in the undergraduate curriculum (e.g., negative work, or negative direction of electric field) [5, 10] . Bajracharya, Wemyss, and Thompson report that students struggle to make meaning of negative area under a curve in physics contexts [11] . Hayes & Wittmann report students having difficulty with the use of negative signs to attribute direction to acceleration in a functional representation [12] . All of these studies reveal that signed quantities, and their various meanings in introductory physics, present cognitive difficulties for students that many don't reconcile before completing the introductory sequence.
Because QL is ubiquitous throughout the undergraduate physics curriculum, we expect that there may be interaction effects between students' mathematical reasoning skills and their abilities to apply them in multiple physics (and nonphysics) contexts. As such, the protoPIQL includes multiple physical contexts for each component of PQL.
We administered the 18-question protoPIQL to students in three different introductory physics courses at a large public research university in the northwestern United States. Students completed the protoPIQL during the first week of class in each of the three quarter-long introductory physics courses: mechanics (N = 459), electricity & magnetism (N = 328), and waves, optics, and thermodynamics (N = 317). For comparison purposes, we also administered the negativity questions to 22 graduate students in physics; we consider the graduate students to be a nearly "expert" population, as they have continued beyond their undergraduate studies in physics. We present the results from this initial implementation, looking both at the instrument as a whole, and specific items that yield particularly interesting results.
II. WHOLE-TEST RESULTS
The protoPIQL consists of 18 multiple-choice questions: 8 permit only a single response and 10 allow students to select multiple responses. For our first round of analyses, students were scored as being correct on a question if they selected all correct responses and no incorrect responses. For all data analysis we include only students who answered at least 2/3 of the questions (1,076 out of 1,104 respondants).
Overall, scores are fairly normally distributed (see Fig. 1 ), with an average (mean, median, and mode) of 11 out of 18 correct, a standard deviation of 3.0, and small but negative values of both skewness and kurtosis (-0.3 and -0.2, respectively). The internal reliability is Cronbach's α = 0.67, which is below the commonly accepted thresholds of 0.8 for making measurements of individuals and 0.7 for making measurements of groups [13] ; however, this may be due to the protoPIQL explicitly measuring two different constructs: proportional reasoning, and negativity [14] .
We use classical test theory (CTT) to evaluate the quality of each question in terms of its difficulty and its discrimination. In CTT, the difficulty is defined as the fraction of students who answer a particular question correctly. Difficulty ranges from 0 to 1 with lower values indicating questions that are harder for students. CTT discrimination is the difference between the difficulty of each question for high-scoring and low-scoring students (upper vs. lower 27% with regard to test score) [15] . Discrimination ranges from 0 to 1, with higher values indicating a question that is answered differently for high-scoring and low-scoring students. Figure 2 shows the CTT difficulty and discrimination for each question. The average CTT-difficulty is 0.62, and 13 of the 18 questions fall within the generally accepted range of 0.2 ≤ D ≤ 0.8, with the remaining 5 being too easy [13] . Of note in Fig. 2 above 0.5, but there are four questions with difficulty values near 0.25. The average CTT item discrimination between the upper and lower 27% of the class is 0.41, and 15 of the questions were above the common threshold of 0.3 with one more being just below the threshold (0.296 for Q5) [13] . Of note in Fig. 2(b) is that no question achieves a discrimination above 0.6, which is often considered to be highly discriminating. It should also be noted that the maximum possible item discrimination in CTT is dependent on the item difficulty for D < 0.27 or D > 0.73 [13] ; for example, the maximum discrimination for Q1 (D = 0.872) is 0.426, so the minimum threshold for discrimination should be adjusted to 0.3 × 0.426 = 0.142. With this modification, all questions have acceptable discrimination values (above 0.3 times the maximum value based on the difficulty).
Some questions have difficulty values above the common threshold of 0.8, but we do not necessarily consider these questions to be useless. We want some questions to be fairly easy; some of the quantitative literacy skills we are trying to assess are typically taught in early high school, and the fact that 15-20% of students in university-level physics courses still have difficulty with these questions is notable. Of course, we don't want to have too many questions with high difficulty parameters or else the assessment loses its power to accurately measure students' reasoning abilities. We use these results as part of our overall evaluation to determine which questions should be kept, modified, or discarded. Other con- siderations will include a balance in content so that one component of PQL is not featured more heavily than others, and external expert opinion that an item is appropriate and important for our target population. As mentioned previously, the protoPIQL contains singleresponse questions (SR) in which, students may only choose one response) and multi-response questions (MR), in which students may choose any combination of responses. The MR questions can be further subdivided into those with only a single correct response (MRS) and those with multiple correct responses (MRM). [16] There are three MRM questions: 9, 12, and 15. Comparing this list to the results in Fig. 2(a) shows a clear trend: all of the MRM questions are among the most difficult questions. Question 14 is the only MRS question with a difficulty level similar to the MRM questions; Q14 asks students about the meaning of a negative component of an electric field E x = −10 N/C -a task that may be beyond the abilities of students who have not yet taken a course in electricity and magnetism (70% of the data set). Table I shows the average difficulty and discrimination for these three groups of questions. These results indicate that the MRS questions are statistically similar to the SR questions in terms of CTT difficulty (both with averages well above the ideal mean of 0.5 [13] ), and that the MRM questions are much harder. This may be a result of students being much less likely to correctly guess the answer to a MRM question given that they must choose the correct combination of responses. Another factor here is that the correct responses to MRM questions tend to involve different aspects of physical quantities. For example, on Q12 students must recognize that negative work indicates that the direction of a component of a force is opposite the direction of the displacement (response C) and that negative work indicates that the energy of the system is decreasing (response E). This may be more complex than recognizing that a negative acceleration means that a component of acceleration is in the negative direction (as on Q11, a MRS question), and previous research indicates that few students use both vector reasoning and scalar reasoning when answering these types of questions [1] . Given these large differences in CTT difficulty values, we may be reaching (or exceeding) the limit on CTT's usefulness, or we may have a situation in which CTT analyses are not appropriate. Interestingly, there are no statistically significant differences between the CTT discrimination values for SR, MRS, and MRM questions.
The big issue here seems to be that students need to correctly choose multiple answers, and each may correspond with a different piece of knowledge. To examine these questions in more depth we have categorized student responses using a multilevel correctness scale: selecting all correct answers (All Correct), selecting at least one correct answer (Some Correct), selecting correct and incorrect answers (Both), or selecting exclusively incorrect answers (Only Incorrect). Figure 3 shows the results on the MRM questions using these mutually exclusive levels. The fraction of All Correct responses to each question is consistent with Fig.  2 (a) at about 25% for each question, but the distribution of partially correct answers shows that at least 75% of students are choosing one of the correct responses, even if they also choose an incorrect response. Q9 has the largest fraction of students (about 50%) choosing some (but not all) correct responses, with Q12 and Q15 each having about 20% of students in this category. This is notable because Q9 is the only question with three correct responses and two incorrect responses (one of which is a none-of-the-above option), and Q12 and Q15 each have two correct responses and three incorrect responses (with no none-of-the-above option). These results provide evidence that analysis methods beyond the traditional correct/incorrect dichotomy should be explored to fully represent students' understanding of these topics.
III. IDENTIFYING TROUBLESOME QUESTIONS: CHARGE TRANSFER BETWEEN COMB AND HAIR
As mentioned above, the MRM questions yield some interesting results in terms of distributions of partially correct answers. We have found that data from Q15 is particularly interesting with regard to who chooses which responses. The text of Q15 is shown in Fig. 4 . Answering Q15 correctly requires students to know that the charges that are able to move from one object to another are negative electrons (response A), and to recognize that the net charge has both a magnitude and a sign (similar to a net force having a magnitude and a direction) and the "size" of the net charge depends only on the magnitude of the charge: going from zero to nonzero indicates an increase in the magnitude (response E).
Valeria combs her hair, and as a result the net charge on the comb goes from 0 to -5 C. Consider the following statements about this situation. Select the statement(s) that must be true. Choose all that apply. a. Negative charge was added to the comb. b. Charge was taken away from the comb. c. All of the electric charge in the comb is negative. d. The net charge on the comb is smaller after Valeria combs her hair. e. The net charge on the comb is larger after Valeria combs her hair. Questions 14-16 all involve E&M topics: negative component of an electric field (Q14), negative charge (Q15), and negative potential difference (Q16). We expected that students who had completed an E&M course would do better on these questions. Our data indicate that this is true for Q14 and Q16, with statistically significant differences revealed by chisquare analyses (p < 0.001), and students in the beginning of their waves/optics/thermo course being more likely to be correct than either students at the beginning of mechanics or students at the beginning of E&M. But for Q15 our data indicate that students in the beginning of E&M are more likely to be completely correct than students at the beginning of mechanics, but students at the beginning of waves/optics/thermo are not any better: completing an E&M course does not affect students' likelihood of being correct on Q15.
Moreover, we gave six of the protoPIQL questions to 22 graduate students in physics: results are shown in Fig. 5 . For five of the questions (11-14, and 16) at least 18 students were completely correct, but only three of the 22 students correctly answered Q15. Six students were partially correct (choosing either A or E), and another six students chose a combination of correct and incorrect responses (the most popular being A and D). Q15 gives these students trouble in a way that is different from other questions. These results, coupled with those from the introductory student population, suggest that there is something different (and potentially problematic) about Q15.
Informal feedback from research participants and our colleagues suggests that some of the issues with Q15 may come from different interpretations of the term "net charge." The charge on the comb goes from 0 C to -5 C, which means that the comb starts with a balance of positive and negative charges and ends with a surplus of one type of charge, so the net charge is larger (response E). In this case, the surplus of charge is negative, which leads some to claim that the net charge is smaller because negative numbers are smaller than zero. We disagree with this interpretation because the labels of the types of charge are arbitrary: they could be called North and South as is typical for magnetic poles, but for historical reasons and mathematical ease we use the labels positive and negative. Some colleagues have suggested using the term "magnitude of the net charge," but the "magnitude" is an un- signed quantity. A net charge has both magnitude and sign (or type), so specifically asking about the magnitude would limit our abilities to measure how students interpret the negative sign. In an effort to get more input and try alternate wording (such as "amount of unbalanced charge"), we have begun interviewing introductory students to determine the ways in which they interpret the various questions in the protoPIQL. This process is vital for the validation of the PIQL for measuring physics students' PQL [14] .
IV. SUMMARY AND FUTURE DIRECTIONS
The results from the protoPIQL are a promising start for developing a valid and reliable assessment for measuring undergraduate physics students' PQL. In addition to classical test theory, future analyses will include item response theory (both with dichotomously scored data and with the nominal response model), exploratory and confirmatory factor analysis (to ensure that the assessment reflects the desired balance in components of PQL), and additional interviews with both undergraduate students and physics faculty to ensure that the PIQL measures what we want it to measure and that the items are appropriate and important for our target population. Our goal is to achieve good psychometric test parameters while including both breadth and depth of content, and to create an assessment that students can complete in about 30 minutes. We will also explore novel scoring techniques to value growth in students' reasoning skills, not just mastery of the topic. Results from individual questions that appear somewhat anomalous (like those presented from Q15) will help identify the frontiers of future research into physics students' quantitative literacy and reveal topics that are persistently difficult for advanced undergraduate (and graduate) students.
